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Nonlinear oscillations and collapse of elongated bubbles subject to weak
viscous effects
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The weak viscous oscillations of a bubble are examined, in response to an elongation that perturbs
the initial spherical shape at equilibrium. The flow field in the surrounding liquid is split in a
rotational and an irrotational part. The latter satisfies the Laplacian and can be obtained via an
integral equation. A hybrid boundary-finite element method is used in order to solve for the velocity
potential and shape deformation of axisymmetric bubbles. Weak viscous effects are included in the
computations by retaining first-order viscous terms in the normal stress boundary condition and
satisfying the tangential stress balance. An extensive set of simulations was carried out until the
bubble either returned to its initial spherical shape, or broke up. For a relatively small initial
elongation the bubble returned to its initial spherical state regardless of the size of the Ohnesorge
number; Oh=� / ��R��1/2. For larger initial elongations there is a threshold value in Oh−1 above
which the bubble eventually breaks up giving rise to a “donut” shaped larger bubble and a tiny
satellite bubble occupying the region near the center of the original bubble. The latter is formed as
the round ends of the liquid jets that approach each other from opposite sides along the axis of
symmetry, coalesce. The size of the satellite bubble decreased as the initial elongation or Oh−1

increased. This pattern persisted for a range of large initial deformations with a decreasing threshold
value of the Oh−1 as the initial deformation increased. As its equilibrium radius increases the bubble
becomes more susceptible to the above collapse mode. The effect of initial bubble overpressure was
also examined and it was seen that small initial overpressures, for the range of initial bubble
deformations that was investigated, translate the threshold of Oh−1 to larger values while at the same
time increasing the size of the satellite bubble. © 2005 American Institute of Physics.
�DOI: 10.1063/1.2083947�
I. INTRODUCTION

Bubble oscillations and collapse has been a field of re-
search since the early twentieth century when Lord
Rayleigh1 first studied the spontaneous generation and col-
lapse of bubbles, in an effort to explain the damage of pro-
pellers of high speed boats and submarines. He described the
process of cavitation in which bubbles are generated as a
result of changes in the local pressure field. Such bubbles can
oscillate quite violently and subsequently collapse and dam-
age the propeller’s surface. This is a spherosymmetric type
of collapse that is predicted by the well-known Rayleigh-
Plesset equation2 and is associated with the emission of
sound during its last stages.

Alternatively, it is possible to trigger bubble oscillations
through the use of a short laser pulse3 that is focused into the
liquid. In this fashion, heating of impurities and/or dielectric
breakdown takes place generating a plasma spot, which sub-
sequently expands to form a cavity. Depending on the dura-
tion of the pulse bubbles with sizes ranging from micro to
millimeters are produced.4 Due to the geometry and the en-
ergy intensity of the laser pulse4 millimeter-sized bubbles
initially assume an almost spherical shape whereas
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micrometer-sized bubbles are initially elongated. In both
cases a significant overpressure is acquired, relative to the
internal pressure necessary to support a spherical bubble of
the same volume in a fluid with the same static pressure in
the far field. The latter is considered as the equilibrium state
of the bubble over which a combination of disturbances is
imposed, namely an initial elongation and pressurization,
upon application of the laser pulse. The bubble starts oscil-
lating quite intensively, depending on the magnitude of the
disturbance, and eventually collapses. For relatively large
bubbles �equilibrium radius in the order of millimeters�, this
process is characterized by almost spherical shapes; it is ac-
companied by light emission and the entire phenomenon is
called single bubble sonoluminescence. Smaller bubbles col-
lapse asymmetrically and have not been observed to emit
light during collapse.4 Since its discovery single-bubble
sonoluminescence has evoked a number of research efforts
both along the lines of experimental investigation and mod-
eling, in order to reveal the underlined hydrodynamical as-
pects of the phenomenon and their association with the prop-
erties of the emitted light. According to the most widely
accepted theory during the last stages of collapse a shock
wave is produced that is traveling both outwards into the
fluid and inwards toward the center of the cavity.3 However,
in order for this mechanism to be valid a certain degree of

sphericity is required for the bubble shape during collapse.
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Consequently, it is of great importance to identify the mode
of collapse for laser-induced bubbles oscillating under con-
ditions similar to those pertaining to sonoluminescence ex-
periments.

In a different context, it is of interest to investigate the
possibility that during bubble collapse or breakup universali-
ties exist that may or may not be of the same nature as those
obtained in the case of capillary pinch-off of initially elon-
gated inviscid drops.5,6 Clearly, the existence of volume os-
cillations in the case of bubbles complicates the dynamics
and the initial energy allocation between the breathing mode
and higher modes corresponding to shape deformation will
play an important role in the long-time behavior of the
bubble. As will be seen in the following sections, for small
initial overpressures and moderate initial elongations bubble
breakup will occur when the inverse Ohnesorge number,
Oh=� / �R���1/2, based on the bubble size, surface tension,
and liquid viscosity, becomes larger than a threshold value.
Ohnesorge, Oh, is a dimensionless number that measures the
relative importance of viscous and surface tension forces.
For axisymmetric bubbles with fore-aft symmetry, during
breakup two countercurrent jets are formed on either side of
the axis of symmetry connecting the two poles, that impinge
upon each other on the equator plane which is also a plane of
symmetry in this case. During the final stages of the breakup
process the relevant time and space scales at this stage of the
motion do not depend on the initial conditions of the prob-
lem and seem to obey the same universal law that governs
capillary pinch-off of elongated drops. More details are
given in the results and discussion section of this article.

As a first step towards simulating laser induced bubbles,
the present study will focus on the breakup process of
bubbles that are initially elongated along their axis of sym-
metry. The amount of initial overpressure is assumed to be
either vanishing or small. In this fashion an effort will also
be made to examine the dynamics of bubble collapse for
possible universalities.

In Sec. II the governing equations of the problem are
presented. The motion is decomposed in an irrotational part
that is described via a boundary-integral representation,7 Sec.
II A, and in a rotational part that is described via a boundary
layer approach that is valid for weak viscous effects,8 Sec.
II B. In Sec. II C the variation of the total energy of the
system is obtained including the effect of dissipation, and is
used as an integral check on the accuracy of our calculations.
Next, the numerical solution of the problem is presented and
convergence tests along with validation tests are given in
Sec. III. In Sec. IV an extensive account of the results that
were obtained numerically is presented and the effect of the
basic parameters is discussed. Bubbles possessing fore-aft
symmetry along the symmetry axis are examined and their
long-term dynamic state is calculated as a function of the
initial elongation, S, and the Ohnesorge number, Oh.
Micrometer-sized bubbles are investigated and this size is
reflected in the dimensionless static pressure in the far-field,
PSt= PSt� / �2� /R�, as well as in Oh; R is the radius of a
spherical bubble with the same volume as the initial volume
of the elongated bubble, PSt� is the far field pressure taken to

be equal to the atmospheric pressure, � and � denote the
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density and viscosity, respectively, of the surrounding fluid
and � denotes the interfacial tension. The air-water system is
examined. For micrometer-sized bubbles oscillating in water
Oh−1�20.5. Nevertheless, Oh is varied over a wide range in
order to assess the effect of viscous dissipation. The effect of
small internal overpressures as well as that of initial asym-
metries is also presented. Finally, in Sec. V the results are
discussed in the context of previous studies and directions
for future research are suggested.

II. PROBLEM FORMULATION

We want to investigate the nonlinear oscillations of a
bubble that is initially elongated along its axis of symmetry
from its spherical shape with radius R at static equilibrium,
Fig. 1. The interior pressure, PG� , may be simultaneously in-
creased but the magnitude of the disturbance, �B, will remain
small in the context of this study:

PG� �t = 0� = PG� �t = 0−��1 + �B� . �1�

It should be noted that throughout this study primed letters
denote dimensional variables. In the absence of any acoustic
disturbances, �=0, and the pressure in the far field acquires
its static value, PSt� ,

P�� = PSt� �1 + � cos � f�t� , �2�

with � f� denoting the dimensional forcing frequency of the
disturbance. At equilibrium the fluid surrounding the bubble
is quiescent and the pressure inside the bubble is connected
to that in the far field via the Young-Laplace equation,

PG� �t = 0−� − PSt� =
2�

R
. �3�

The shape of the bubble is assumed to be axisymmetric at all
times while the disturbed shape at t=0 is characterized by
fore-aft symmetry with respect to the equatorial plane, in
most of the cases examined. In fact, we assume that the

FIG. 1. Initial shape of the bubble for the symmetric �—� and the asymmet-
ric �---� case.
disturbed shape is that of an ellipsoid
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x�2

a2 +
y�2

b2 +
z�2

c2 = 1 �4�

with two equal semiaxes, a=b, in the equatorial plane, x�y�,
and the third one, c, along the axis of symmetry, z�, charac-
terizing the extend of an initial elongation. For a given initial
volume, V0, of the disturbed bubble we can calculate through
the following relationships for the volume of a spherical and
an ellipsoidal object, the equivalent radius R and the ratio
c /R as a function of S=a /R, which is a parameter that will
be used as a means to control the magnitude of initial
elongation:

V0 =
4

3
�R3 =

4

3
�a2c → R = �3V0

4�
�1/3

,

�5�
c

R
=

1

�a/R�2 =
1

S2 .

After introducing spherical coordinates,

x� = r� sin � cos 	, y� = r� sin � sin 	, z� = r� cos �

�6�

in Eq. �4� we obtain the following equation describing the
initial shape of the bubble:

r = f��,t = 0� =
S

�S6 cos2 � + sin2 �
, �7�

where the azimuthal angle 
 is set to zero without any loss of
generality due to axisymmetry, and r=r� /R. When S=1 we
recover the spherical shape whereas as S decreases the im-
posed elongation along the axis of symmetry becomes stron-
ger. Nevertheless, the model presented here allows for asym-
metric shapes as well. Such shapes are obtained by
constructing an axisymmetric body consisting of two hemi-
spheres that are attached on each one of the poles and are
connected in the middle section of the body by a cone with
variable radius. For a given volume, i.e., fixed R, and total
initial elongation, �=2c /R, we use the ratio between the ra-
dii of the two hemispheres, k=h1 /h2, as a parameter control-
ling the degree of asymmetry. Thus, it can be easily shown
that the ratio, s, between the radius, h2, of the cone’s smaller
hemisphere and R, is related to � and k through the
expression

� =
4 − 2s3 · �k3 + 1� + s3�k + 1��k2 + k + 1�

s2�k2 + k + 1�
, �8�

which uniquely determines the shape of the body �see also
Fig. 1�. Having determined the initial geometry of the bubble
the interior overpressure can be estimated provided the en-
ergy level of the laser pulse is known, possibly from experi-
mental investigations. In this article we will assume small
overpressure levels which amounts to small values of param-
eter �B.

The dynamics of a bubble subjected to the kind of dis-
turbances presented above is normally described through the
use of potential theory. If, however, one has to model situa-

tions with bubble sizes in the order of micrometers, then
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viscosity becomes the dominant dissipation mechanism and
has to be accounted for. For bubbles oscillating in water with
equilibrium radii ranging between 10 and 1000 �m the in-
verse Ohnesorge number varies, roughly, between 30 and
1000. This is the range of Oh−1 within which a theory that
takes into account weak viscous effects would be applicable,
provided there is no large-scale separation taking place in the
liquid boundary layer surrounding the bubble’s surface.

The equivalent radius R is assigned as the characteristic
length of the problem thus giving, r=r� /R, f = f� /R, as the
dimensionless distance from the origin of the spherical coor-
dinate system and dimensionless location of the interface,
respectively. In the absence of a characteristic velocity, sur-
face tension is used in order to render velocity, pressure and
time dimensionless, V=V� / �� /R /��1/2, p= p� / �2� /R�, t
= t� / ��R3 /��1/2. Considering incompressible flow the dimen-
sionless equations governing the motion in the ambient fluid
and the deformation of the bubble read as follows: continuity
equation expressing the differential mass balance,

� · V = 0; �9�

Navier-Stokes equations expressing the differential linear
momentum balance

�V

�t
+ V · �V = − 2 � P + Oh�2V , �10�

where the effect of gravity is dropped due to the small size of
the bubbles; kinematic condition forcing points on the sur-
face to move with the fluid velocity

r = rs:
drs

dt
= V , �11�

where rs denotes the position vector of a material point on
the surface of the bubble; force balance on the interface,

r = rs: − PGn − �− 2PI= + Oh�=� · n = 2Hn = �− �s · n�n ,

�12�

where n denotes the outwards pointing unit normal vector
with respect to the fluid surrounding the bubble, �s ,H, de-
note the surface gradient and mean curvature on the bubble’s
interface, respectively, and I= ,�==�Vi /�xj +�Vj /�xi, the unit
and deviatoric stress tensor, respectively; quiescent flow con-
ditions in the far field,

r → �: V → 0, �13a�

P → P� = PSt. �13b�

Due to negligible density and kinematic viscosity of the gas
inside the bubble we take the bubble pressure to be uniform
and drop the deviatoric part of the stress tensor on the side of
the gas inside the bubble. In addition, owing to the very short
time frame over which the phenomena that are investigated
in the present study evolve, we can neglect heat transfer to
and from the surrounding liquid, to a first approximation, and
consider adiabatic oscillations. Consequently the variation of

the bubble pressure with time is given by
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PG�t = 0��4

3
���

= PG�t�VG
� �t� , �14�

where � denotes the polytropic constant, 1�1.4, and VG

the dimensionless instantaneous volume of the bubble; for an
adiabatic process �=1.4.

In order to capture the effect of viscosity for relatively
large Oh−1 we first decompose the velocity and pressure
fields in an irrotational and a rotational part,

V = u + U , �15�

P = pir + p , �16�

where

u = �� , �17a�

U = � � A , �17b�

with ��u=0,� ·A=0; it can be seen that a decomposition
of this type is possible for any flow field without any loss in
generality.9 When the flow is characterized by axial symme-
try the vector potential is of the form

A = A�r,��e	, �18�

where e	 is the unit vector in the azimuthal direction. Next
we present the formulation for the scalar, �, and vector po-
tential, A.

A. Irrotational flow field

Introducing decomposition �15� in the continuity equa-
tion we obtain, using �17a� and �17b�,

� · u + � · �� � A� = 0 → �2� = 0. �19�

Thus we recover the well-known result that the scalar veloc-
ity potential satisfies the Laplacian. In an effort to capture
more complicated bubble shapes for which the Eulerian de-
scription would be multivalued, we adopt the Lagrangian
formulation for the description of the motion of particles
occupying the bubble’s interface. As the irrotational pressure
and velocity fields must satisfy Bernoulli’s equation, the lat-
ter can be combined with the normal force balance in the
absence of viscous dissipation,

2PG − 2pir = 2H , �20�

to give the dynamic condition describing the evolution of the
velocity potential on the bubble’s surface,

D�

Dt
=

1

2
	� ��

�n
�2

+
��

2

r�
2 + r2��

2
 + 2PSt − PG − 2H . �21�

In the above equation

D�

Dt
=

��

�t
+ u · �� =

��

�t
+ �u�2, �22�

while � is a Lagrangian coordinate that identifies particles on
the interface and is related to the arc length, s, of the inter-

face by
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�s

��
= �r�

2 + r2��
2�1/2, 0  �  1; �23�

� as a subscript denotes partial differentiation. It should be
pointed out that, in the context of Lagrangian formulation,
both the scalar and the vector velocity potentials, � and A, as
well as the r and � coordinates of Lagrangian particles on the
interface will be functions of �. Then, the mean curvature H
is given by

− 2H =
1

r2�� sin �
� sin ��2r2��

2 + r�
2�

�r2��
2 + r�

2�1/2

−
�

��
	 rr� sin �

�r2��
2 + r�

2�1/2
 . �24�

Owing to axisymmetry the derivatives with respect to �
should satisfy the following conditions:

�r

��
=

��

��
=

�2�

���n
=

�2�

��2 = 0, at � = 0,1, �25�

corresponding to the two poles of the coordinate system.
Following a standard procedure in the boundary integral

literature, we recast the Laplacian in an integral form involv-
ing quantities evaluated at the interface, i.e., we introduce the
boundary integral formulation of the Laplacian:

��r̂, �̂,t� + �
0

1

���r,�,t� − ��r̂, �̂,t��

�
�G

�n
�r̂, �̂,r,��r sin ��r�

2 + r2��
2�1/2d�

= �
0

1 ��

�n
�r,�,t�G�r̂, �̂,r,��r sin ��r�

2 + r2��
2�1/2d� ,

�26�

where hatted coordinates, r̂ , �̂, depend on the location of the

field point �̂ and are not subject to integration. The above
equation relates the scalar velocity potential to its normal
derivative at the interface and can be obtained by applying
Green’s third identity on the Laplacian and allowing the field
point, where the potential is evaluated, to approach the inter-
face. G and �G /�n denote the axisymmetric free space sin-
gular kernel of the Laplacian and its normal derivative,
respectively.

B. Weak viscous effects „Oh™1…

When Oh is small the rotational part of the velocity field
forms a boundary layer near the bubble’s surface, where dis-
sipation and inertia balance each other, so that the boundary
condition of zero shear rate is satisfied at the interface. In
order to capture this effect we introduce a new orthogonal
coordinate system based on the arc-length s and azimuthal
angle 
, as they are defined on the instantaneous position of
the interface, and the distance, n, along the normal direction
on any point in the interface. In this triply orthogonal coor-
dinate system consisting of a Lamé group of surfaces based

10
on the shape of the interface we know that the metric along
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the normal direction is hn=1 whereas those in the other two
directions are ht=1+O�n�, h	=r sin �+O�n�, for an axisym-
metric shape. Consequently, within a boundary layer, where
n is small, the metrics are everywhere the same with those
evaluated on the interface. For the same reason, the two unit
vectors that are tangent to the family of surfaces parallel to
the interface, and whose direction varies along the normal to
the interface, within the boundary layer will be, roughly,
identical to those defined on the interface. Thus, the gradient
operator is defined in the boundary layer as

� = �s + n
�

�n
+ O�n� � t

�

�s
+

e	

r sin �

�

�	
+ n

�

�n
, �27�

where �s is the surface gradient defined on the bubble’s in-
terface, t is the unit vector tangent along the generating curve
of the axisymmetric interface and r, �, are the coordinates
that determine the instantaneous shape of the interface. The
approximate expression for the gradient operator becomes
exact when applied on the interface.

Next, following Lundgren and Mansour8 we introduce
the decomposition of the velocity and pressure fields in the
problem formulation and integrate the equations of motion
across the boundary layer. Upon introduction of the vector
potential and the viscous correction of the pressure and con-
sidering that they vanish in the far field, we obtain equations
that govern their variation on the bubble’s surface:

Ut = −
�A

�n
, Un =

1

r sin �

�

�s
�r sin �A� , �28�

DA

Dt
= A�n · �u · n − t · �u · t� − Oh

�Ut

�n
, �29�

p = A�t · �u · n� . �30�

The last two equations are only valid on the bubble’s inter-
face. It should also be mentioned that their derivation entails
boundary layer type arguments, with the thickness of the
boundary layer, �, scaling like ��Oh1/2, while Ut��, Un

��2, p��2 and A��.2 Finally, we introduce the irrotational
normal force balance, Eq. �22�, in Eq. �12� to get the cor-
rected expression for the evolution of the scalar velocity po-
tential including week viscous effects

D�

Dt
=

u2

2
+ 2P� − 2PG + 2p − 2H − 2Oh�n · �u · n� .

�31�

Since this approach was first introduced8 it has been used
ever since by other investigators as well, most notably
Boulton-Stone and Blake.11

Before we summarize the equations that we solve in or-
der to capture the dynamic behavior of the bubble, we have
to stress that we work with variables that are evaluated on
the surface and that can be calculated by solving the interfa-
cial equations presented above. However, the tangential com-
ponent of the vortical part of the velocity field, is given via
the normal derivative of the vector potential, Eq. �28�, which
cannot be obtained by solving a differential equation defined

solely on the interface. Consequently, since the location of a
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free surface is determined purely by its normal velocity, with
the tangential component operating as a mapping function
that controls the relative position of the Lagrangian particles
on the free surface, we move the particles in the following
fashion:

drs

dt
= u + Unn . �32�

As a result, instead of material points we refer to marker
points that move according to the above expression without
any loss in accuracy as far as the bubble shape is concerned.
In terms of spherical coordinates, through which we describe
the position of the particles, we have

dr

dt
=

�un + Un�r�s + utrs

�rs
2 + r2�s

2
, �33a�

d�

dt
=

utr�s − �un + Un�rs

r�rs
2 + r2�s

2
, �33b�

where subscript s denotes partial differentiation with respect
to the arc-length s of the generating curve of the axisymmet-
ric interface and d /dt=� /�t+ �u+Unn� ·�. In the same fash-
ion and in order to move the particles in a consistent manner,
the equations describing the evolution of the scalar and vec-
tor potential become

d�

dt
=

u2

2
+ unUn + 2P� − 2PG + 2A�t · �u · n� − 2H

− 2Oh�n · �u · n� , �34�

dA

dt
= A�n · �u · n − t · �u · t� − Oh

�Ut

�n
. �35�

In the last equation the additional term Un��A /�n� has been
dropped from the right hand side as it is of higher order,
O��3�. Overall, Eqs. �33a�, �33b�, �34�, and �35�, along with
the integral equation �26�, Eq. �14� that prescribes the varia-
tion of the pressure inside the bubble, the boundary condi-
tions due to axisymmetry, i.e., Eq. �25� with the additional
condition of vanishing vector potential at the poles, A�0, t�
=A�� , t�=0, and the initial conditions �1�, �2�, �7�, and �8�
provide the complete formulation of the dynamic behavior of
the bubble. All the variables that are involved are evaluated
on the surface, which, in view of the axisymmetry, renders
the problem one-dimensional.

C. Energy variation

Starting from the identity

� � �
V

��

�t
�2�dV = 0, �36�

and performing integration by parts we obtain

� �
A

��

�t

��

�n
dA −

1

2
� � �

V

�

�t
�����2�dV = 0. �37�
Invoking the Reynolds transport theorem we get
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1

2

d

dt
� � �

V

�����2�dV = � �
A

��

�t

��

�n
dA

+
1

2
� �

A

����2�un + Un�dA .

�38�

Finally, integration by parts on the left-hand side integral and
introduction of the dynamic boundary condition �34� pro-
vides the energy balance for the dynamics of the bubble

1

2

d

dt
� �

A

�
��

�n
dA −

1

2
� �

A

u2UndA

+� �
A

��

�n
�2H + 2PG − 2PSt�dA

=� �
A

2p
��

�n
dA − 2Oh� �

A

��

�n

�un

�n
dA . �39�

The first two integrals on the left-hand side signify variations
in the total kinetic energy of the system including the effect
of the vortical velocity field. The first integral on the right-
hand side represents energy loss due to the rotational part of
the pressure whereas the second integral represents classical
dissipation due to vorticity near a zero shear surface. The last
term in Eq. �39� is equivalent to the expression given by
Lamb,12 for a moving surface at large Re=Oh−1, involving
the terms −��dq�2 /dn� and 2�n · �u����� in the integrand;
in Lamb’s notation q� is the magnitude of the velocity at the
interface and �� is the vorticity. In the limit as Oh−1 tends to
infinity the energy balance for inviscid7 bubble oscillations is
recovered,

d

dt	1

2
� �

A

�
��

�n
dA + � �

A

dA + V�PG +
2PSt

� − 1
�
 = 0.

�40�

III. NUMERICAL SOLUTION

The numerical solution of the equation set presented at
the end of Sec. II B is obtained in a fashion similar to the one
presented by Pelekasis and Tsamopoulos7 for the case of two
interacting bubbles. More specifically, the boundary integral
formulation was used in the Eulerian frame of reference, in
order to establish a connection between the scalar potential
and its normal derivative at the interface, whereas the La-
grangian representation was adopted for the motion of sur-
face marker points in order to capture the evolution with
time of the scalar and vector potentials. This requires solu-
tion of partial differential equations involving time and only
one spatial dimension, as a combined result of axisymmetry
and the use of boundary integral formulation. To this end, the
azimuthal dependence has been integrated out of Eq. �26�
thus leaving an integral equation of the first kind for the
normal derivative of the scalar potential, given the potential,
defined along the generating curve of the bubble’s surface.
Since the early studies in modeling cavitating bubbles13 next

to a solid or a free surface the boundary integral method has

Downloaded 20 Sep 2007 to 130.89.94.219. Redistribution subject to 
extensively been used for capturing bubble oscillations, col-
lapse or breakup.14–16 For a review article on the boundary
integral method for potential flow problems and comparative
studies on the efficiency of different boundary integral for-
mulations the interested reader is referred elsewhere.17–19

Despite the fact that reliable solvers of the full Navier-
Stokes equations have also been developed the boundary in-
tegral method is still widely applied due to its superiority in
capturing details of severely deformed interfaces, with large
accuracy and minimum computational effort. The weak vis-
cous correction of the boundary integral method, such as the
one employed here, extends the validity of the standard po-
tential theory formulation, to the extent that large displace-
ment thickness effects are not present. This would be the
case, for example, in situations with massive flow separation
where the wake structure plays a central role in the dynam-
ics, in which case resorting to the full Navier-Stokes be-
comes necessary. In the present study the appearance of liq-
uid jets moving along the direction of elongation might entail
such phenomena, but they occupy very thin regions and
evolve very abruptly for any significant displacement thick-
ness effect to alter the dynamic behavior captured by our
numerical solution.

The fourth order explicit Runge-Kutta time integration
scheme was employed due to its better stability
characteristics.18 In fact, it was seen that, for small initial
deformations, doubling the number of elements along the
interface required, roughly, a four times smaller time step for
numerical stability. Solution of the unknowns of the problem
is done sequentially. Once the complete state of the bubble is
known at a certain time instant the surface marker points are
moved in the manner prescribed by Eqs. �33a� and �33b� and
their new coordinates are obtained. The updated values of the
two potential functions are obtained in the same way. Next,
using the boundary integral equation �26� we get the normal
derivative of the scalar potential. Finally the bubble volume
is calculated, the interior pressure is advanced, and the pro-
cedure is repeated until the bubble either breaks up or even-
tually returns to its equilibrium spherical shape. We are par-
ticularly interested in the dynamics of collapse or breakup.
As explained in the following, mesh regridding takes place
as time advances in order to prevent concentration of the
marker points in certain regions of the interface leaving the
rest of the interface misrepresented. Subsequently, the time
step is adapted so that numerical stability is preserved.

Owing to the initial elongation and subsequent surface
deformation, marker points are distributed in such a way as
to prohibit large discrepancies in the element length while
providing accurate discretization in regions of large curva-
ture. This is accomplished by positioning the marker points
along the interface so that the integral20

�
0

1

�1 + d�− 2H���r�
2 + r2��

2�d� �41�

is minimized; d is a parameter controlling the concentration
of grid points in regions of high curvature. It ranges from
10−2 to 10−3 as the number of elements increases from 80 to

160. Decreasing d amounts to reducing the emphasis placed
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upon curvature variations while regridding. As a result of
this procedure the time step has to be adapted in order to
maintain stability of the numerical scheme and properly re-
solve the capillary waves that arise as part of the dynamics of
bubble deformation.

Initially, the dynamics is characterized by the high cur-
vature regions around the two poles where the dimensionless
radius of curvature is the smallest. Balancing the dynamic
pressure with surface tension forces provides the proper time
scale in this region as

� = ��R0
3

�
�1/2

, �42�

where R0 is the radius of curvature at the two elongated tips
of the bubble. Consequently, in order to capture the dynam-
ics in the early stages of the motion as parameter S de-
creases, since the minimum element size �smin decreases
with regridding, the time scale should also be decreased fol-
lowing the 3/2 power law mentioned above, �t���smin�3/2.
This universal scaling law was also obtained elsewhere6 in
the context of capillary pinch-off of drops. In the present
study the effect of initial elongation has to be accounted for
as well. In practice, in order to respect the stability require-
ments of the Runge-Kutta time integrator which were found
elsewhere18 to obey a quadratic law, �t��smin

2 , and to ac-
count for the decreasing radius of curvature as parameter S
decreases, in the simulations to be presented hereafter the
time step was initially set to �t=�smin

2 S. This scaling was
found to be appropriate in the beginning of the bubble mo-
tion. Once the simulation commences, for a given value of S,
the time step is adapted according to the following law:

�tnew

�told = ��smin
new

�smin
old �aHmin

new

Hmin
old , �43�

where Hmin is the minimum mean radius of curvature on the
bubble’s surface and � an adjustable parameter that is ini-
tially set to one. As time evolves, the time step has to be
further reduced due to the appearance of two high-speed jets
approaching each other along the axis of symmetry, hence
parameter � has to be increased accordingly. During collapse
areas with very small radius of curvature appear in the form
of dimples that eventually touch at the equatorial plain. Ac-
curate resolution of such areas requires further remeshing
and time step adaptation, which is performed by further in-
creasing � which had to become as large as 3 and 4. More
specifically, in the beginning of the simulation the time step
was in the order of 10−5 whereas during collapse it had to be
dropped to 10−8.

It should also be stressed that, for calculations with finite
Oh, marker points are used for tracking the evolution of the
interface instead of Lagrangian particles. This is a result of
our inability to evaluate the tangential component of the vor-
tical velocity field solely based on quantities that are defined
on the boundary. Nevertheless, this does not restrict the va-
lidity of our results since the shape of a free surface can
always be found from information regarding the normal
component of the velocity of particles residing on the inter-

face. The tangential component simply acts as a function that
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maps points between the previous and the current location of
the interface. This is a well-known result that has been used
by previous investigators21 in order to optimize the distribu-
tion of the grid points on the interface and avoid grid distor-
tion. In the present study the potential part of the tangential
component of the velocity of surface particles is used for
updating the position of the interface, along with the normal
component of the potential and vortical parts, without any
compromise in numerical accuracy.

Numerical calculation of the azimuthal component of the
vector potential, involves interpolation of second order de-
rivatives of the scalar potential in a manner that is not ame-
nable to reduction of order via integration by parts. Conse-
quently, as the simulation proceeds, short wave instabilities
tend to appear whose wavelength is on the order of minimum
element size. Such short wave instabilities often appear in
high Oh−1 calculations8,18 and cannot be eliminated by mesh
refinement alone. The standard procedure in order to circum-
vent this problem is to implement filtering of the higher
modes while monitoring the energy of the system so that it is
dissipated appropriately. Inviscid calculations do not exhibit
such instabilities hence filtering is avoided. However, in all
the simulations to be presented in the following where Oh is
taken to be small but finite, after a certain number of time
steps the vector potential is filtered by introducing the fourth
order derivative with respect to �,

�A

�t
= �

�4A

��4 . �44�

The above equation is discretized with the second order ac-
curate fully implicit scheme,

Aj� = Aj +
��t

��4 �Aj+2� − 4Aj+1� + 6Aj� − 4Aj−1� + Aj−2� � , �45�

which possesses improved stability characteristics; ��t /��4

was set to a large value, typically between 100 and 1000, for
stability reasons. As will be seen in the numerical tests pre-
sented in the end of this section, this methodology allows for
accurate and efficient evaluation of the vortical part of the
flow, which is essential for handling weak viscous effects.

Another important aspect of the numerical methodology
that is employed here has to do with the use of symmetry
with respect to the equatorial plane in order to reduce the
storage requirements and processing time for a given level of
accuracy. When the shape of the bubble is expected to re-
main symmetric throughout the simulation, the domain of
discretization can be halved so that it includes only one of
the two hemispheres, say the north. Consequently and in
view of axisymmetry, only half of the generating curve that
connects the north and the south pole needs to be discretized
and the size of the full matrix, that has to be constructed and
inverted for the calculation of the normal derivative of the
scalar potential, becomes four times smaller which consti-
tutes a significant reduction in the computational load. To
this end, the same symmetry boundary conditions that were
originally imposed at the south pole, Eq. �25�, are now
implemented at the equator where coordinate �� is set to one

in the new formulation. In addition, integral equation �26� is
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rearranged to incorporate symmetry. More specifically, the
single layer kernel, G, is symmetric when the shape of the
interface is symmetric with respect to the equator and con-
sequently the integral containing kernel G in Eq. �26� be-
comes

�
0

1 ��

�n
�r,�,t�G�r̂, �̂,r,��r sin ��r�

2 + r2��
2�1/2d�

= 2�
0

1 ��

�n
�r,�,t�G�r̂, �̂,r,��r sin ��r��

2 + r2���
2 �1/2d��,

�46�

with r ,� , r̂ , �̂, defined along the line connecting the north
pole with the equator. The double layer kernel on the other
hand is not symmetric and as a result the integral containing
�G /�n becomes

�
0

1

���r,�,t� − ��r̂, �̂,t��
�G

�n
�r̂, �̂,r,��r sin ��r�

2 + r2��
2�1/2d�

= �
0

1

���r,�,t� − ��r̂, �̂,t��
�G

�n
�r̂, �̂,r,��

�r sin ��r��
2 + r2���

2 �1/2d�� − �
0

1

���r,�,t� − ��r̂, �̂,t��

�
�G

�n
�r̂, �̂,r,� + �/2�r sin ��r��

2 + r2���
�2�1/2d��, �47�

where

� = � − �/2  �/2, ��r,�,t� = ��r,� + �/2,t� ,

�48�
��

�n
�r,�,t� =

��

�n
�r,� + �/2,t� .

As the number of elements increases construction of the
system matrix, which is full as is normally the case with the
boundary integral methodology, the most time consuming
part of the computation takes up more than 80% of the CPU
time.7,18 In order to optimize computational speed we resort
to parallel strategies. In particular, the system matrix is con-
structed in a parallel fashion with different processors dedi-
cated to different rows of the matrix. The algorithm is imple-
mented on a LINUX Cluster with 4 Xeon processors with
significant savings in processing time.

Validation of the numerical scheme

The validity of the above numerical implementation was
investigated in a number of cases some of which are pre-
sented in this section. First of all the linear prediction of the
breathing mode frequency was recovered when the initial
elongation was relatively small, S�1. Figure 2 shows the
time evolution of the first Legendre mode, P0, that is associ-
ated with volume oscillations, and the second Legendre
mode, P2, for a slightly elongated bubble, S=0.8, of equilib-
rium radius R=5.8 �m that is oscillating in water at atmo-
spheric pressure; PSt=4.1, ��=0, water is taken to be invis-

cid and 100 elements are used for the discretization of the
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interface. Despite the moderate value of � orthogonal decom-
position of the shape in the Legendre eigenmodes reveals
that P0 and P2 dominate and oscillate at a frequency that is
slightly smaller than that predicted by linear theory,

�0 = �6�PSt + 1�� − 2�1/2, �k = ��k2 − 1��k + 2��1/2,

�49�
k � 1,

as a result of inertia. At a slower time scale there is an ex-
change of energy between the two modes that is manifested
in the beat exhibited in the oscillations of P0 and P2 in Fig.
2. Physically this reflects the inward motion of the bubble
along its two poles, as a result of the increased curvature in
that region, which tends to restore its spherical shape at equi-
librium. Subsequently, this motion is reversed due to the
compressibility of the bubble and the whole cycle is re-
peated. The total energy remains constant, as expected in the
absence of any damping mechanism, at the value predicted
by integrating the governing equations over the entire flow
domain, Eq. �40�.

The effect of viscosity was also investigated by impos-
ing a sinusoidal disturbance, of the type described by Eq. �2�,
on the static pressure in the far field. The forcing frequency
is set to the dimensionless fundamental frequency of P2,
� f =�2, S to 1 and � to 0.5. Oh−1 was set to the value corre-
sponding to a bubble with equilibrium radius R=5.8 �m,
i.e., Oh−1=20.5. Weak viscous analysis may not be exactly
valid at this relatively low value, however it does provide us
with a reliable estimate of viscous dissipation. In any case,
this particular simulation was intended to serve as a test case
for the behavior of the numerical scheme employed for cal-
culating the vector potential and for establishing the validity
of the filtering scheme. The bubble is initially performing
pure volume oscillations but eventually acquires a periodi-
cally deformed shape with P0 and P2 as the only eigenmodes
and �2 as the corresponding frequency, Fig. 3.

Finally, our numerical methodology was validated
against mesh refinement for a rather demanding flow situa-

−1

FIG. 2. Time evolution of the coefficients of Legendre modes P0 and P2 for
the decomposition of the position of the interface f; S=0.8, PSt=4.1, Oh
→0, �B=0, with 100 elements in the region 0��.
tion. Namely, the case with S=0.6 and Oh =1000 was in-
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vestigated and the evolution of the bubble shape and total
energy was obtained from the initial stages of bubble motion
until collapse, with 75 and 100 elements along half of the
generating curve connecting the two poles in view of the
symmetry of the shape, Figs. 4�a� and 4�c�. The initial in-
ward motion of the bubble along its axis of symmetry, as a
result of the reduced curvature at the two poles, is accurately
captured and, more importantly, the final stages of collapse
are obtained with the formation of what seems to be two
countercurrent liquid jets, Fig. 4�b�, that eventually meet at
the equatorial plane. Dimple formation at the rounded ends
of the two jets is clearly exhibited by the corresponding
shapes, along with the formation of a small satellite bubble
after collapse, Fig. 4�c�. More details on the physics of col-
lapse are presented in the next section. The variation of the
total energy of the system is also monitored, Fig. 5, as an
additional means to check the validity of the numerical treat-
ment of viscous effects. The time derivative of the kinetic
and potential energy of the bubble is calculated numerically
and compared against dissipation, in the manner shown in
Eq. �39�, with more than satisfactory agreement at least for
the range of the calculation over which the kinetic energy
does not change very abruptly. In the latter case numerical
differentiation of the total kinetic energy becomes less accu-
rate and monitoring of Eq. �39� quite difficult. From this
stage on we have to resort to mesh refinement for establish-
ing the validity of the numerical solution.

IV. RESULTS AND DISCUSSION

Based on the asymptotic analysis and the numerical
methodology that were presented in the previous sections, a
series of simulations was carried out in an effort to capture
the initial dynamics as well as the final stages of collapse,
whenever that was indeed the case, for small or large initial
elongations. Inviscid oscillations as well as weak viscous
effects were also accounted for by adjusting Oh. Finally the
effects of small internal overpressure and initial fore-aft

FIG. 3. Time evolution of the coefficients of Legendre modes P0 and P2 for
the decomposition of the position of the interface f; S=1.0, PSt=4.1, �
=0.5, � f =�2=3.46, Oh−1=20.5, with 100 elements in the region 0��.
asymmetry in the bubble shape were included.
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In this fashion it was found that, for small or moderate
initial elongations, S�0.6, of micrometer-size bubbles, R
=5.8 �m, oscillating in water at atmospheric pressure, PSt

=4.1, and no internal overpressure, �B=0, the dynamics is
initially determined by the energy exchange between volume
oscillations, dominated by P0, and shape oscillations, domi-
nated by P2. This tendency is clearly exhibited in Fig. 2,

FIG. 4. Time evolution of the shape of the bubble �a� in the beginning of the
motion, �b� during jet formation, and �c� during collapse; S=0.6, PSt=4.1,
Oh−1=1000, with 75 and 100 elements in the region 0�� /2.
where the evolution of the corresponding modes is plotted vs

AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



102101-10 K. Tsiglifis and N. A. Pelekasis Phys. Fluids 17, 102101 �2005�
time, as well as in Fig. 6, where the shape deformation of the
bubble is followed for a number of periods of the breathing
mode, T0=2� /�0, when S=0.8 and viscous dissipation is
neglected, Re→�. In this case the bubble oscillates indefi-
nitely, without breaking up, while its shape is deformed in a
manner determined by slow energy transfer to higher modes.
When viscous effects are included in the model the shape of
the bubble eventually returns to its equilibrium spherosym-
metric configuration, see Fig. 7 for the case with Oh−1

=500. This process occurs faster with decreasing Oh−1. The
slow “beat” between P0 and P2 with the final domination of
P0, as a result of viscous damping, is shown in Figs. 8�a� and
8�b� for P0 when Oh−1=1000 and 500 and in Figs. 8�c� and
8�d� for P2 and the same values of Oh−1. The pattern was
seen to persist for quite a wide range of initial deformations
until when S=0.62 and Oh→0 the two opposite ends of the
bubble touch each other at the equatorial plane. In this case

FIG. 5. Comparison between time variation of the total kinetic and potential
energy and dissipation; S=0.6, PSt=4.1, Oh−1=1000, with 100 elements in
the region 0�� /2.

FIG. 6. Bubble shapes for the inviscid case with S=0.8, �B=0 and 50

elements in the region 0�� /2.
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the kinetic energy that is acquired near the two poles of the
bubble as they move towards each other due to the initial
elongation, is just enough to overcome the reaction exercised
by the gas inside the bubble, in the form of an increase in its
interior pressure as a result of its compressibility. When vis-
cous effects are included the bubble eventually settles to a
sphere, as expected.

As the initial elongation further increases, S=0.6, this
interesting dynamic effect is more pronounced towards the
final stages of the bubble collapse. The initially prolate
shaped bubble soon acquires an oblate form, as was the case
with smaller initial deformations, except that now the two
poles exhibit more intense deformations, the regions near
them are dominated by higher harmonics, and consequently
they undergo faster oscillations locally; see Fig. 9�a� when
S=0.6 and Oh−1→�. Eventually, two high-speed jets are
formed at the two poles that approach each other along the
axis of symmetry. As the two jets approach the equatorial
plane they spread and form rounded ends that keep ap-
proaching, Fig. 9�b�, until they eventually collide.

In the present study the film that is formed in the region
between the two jet-tips that are approaching each other, ex-
erts no lubrication force upon them owing to the negligible
viscosity of the gas inside the bubble. Nevertheless, the two
tips interact since they are part of the bubble’s interface.
Formally, this is exemplified by the integral form of
Laplace’s equation, which accounts for the interaction be-
tween different parts of the moving interface and how this
reflects on the interfacial velocity. Thus, the tip of the two
jets acquires a rounded shape due to its progressive decelera-
tion as it approaches the equatorial plane, where the normal
velocity vanishes if symmetry is to be respected. Since the
tangential velocity is zero at the poles anyway, for axisym-
metric shapes, a local pressure maximum is established
there. Thus, fluid entering this region prefers to move in a
direction other than that defined by the axis of symmetry.
This signifies the formation of a pressure minimum off the
axis of symmetry on the liquid side, which, given that the
pressure is uniform inside the bubble, results in the appear-

FIG. 7. Bubble shapes for the case with S=0.8, �B=0, Oh−1=500 and 50
elements in the region 0�� /2.
ance of a dimple with very high curvature on either side of
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the axis of symmetry. In the present study pressure variations
inside the bubble follow changes in the bubble’s volume,
which occurs on a much slower time scale than the growth
and approach of the dimples that appear on the two jets.
Finally, the dimples that form on either side of the equator
upon the rounded ends of the two jets approach each other
until they touch, Fig. 9�c�, giving rise to a small satellite
bubble, which occupies the region circumscribed by the
dimples. The tiny satellite bubble is surrounded by the rest of
the bubble which has now acquired a toroidal shape.

Dimple formation is an effect that is also observed
whenever two Newtonian liquid drops approach each other,

whether they are coated by surfactants or not. It should be
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pointed out, however, that in the present study the minimum
distance between the two rounded ends of the two jets even-
tually vanishes due to the absence of viscous stresses in the
gas phase. In fact, final coalescence is also possible when
two drops that are dispersed in another liquid are approach-
ing each other, provided that normal viscous stresses and
inertia effects are negligible22 in the continuous phase.

An interesting aspect of the collapsing process of elon-
gated bubbles concerns the existence of universalities in the
period of time between dimple formation and the coales-
cence of the two jets when the dimples lying on opposite jets
touch upon each other. This is a natural extension of previous

5,6

FIG. 8. Time evolution of the coeffi-
cients of Legendre modes: �a� P0,
Oh−1=1000, �b� P0, Oh−1=500, �c� P2,
Oh−1=1000 and �d� P2, Oh−1=500, for
the case with S=0.8 �B=0 and 50 ele-
ments in the region 0�� /2.
studies on the capillary pinch-off in inviscid liquids. In the
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latter studies it was shown that the process of capillary
breakup in liquid drops or jets, excluding viscous effects, is
governed by the balance between surface tension and dy-
namic pressure in the manner illustrated by Eq. �42�. In this
fashion, it was shown that the radius of curvature of each
neck on the interface where pinch-off occurs as well as the
minimum distance between the two necks in the pinching

FIG. 9. Time evolution of the shape of the bubble �a� in the beginning of the
motion, �b� during jet formation, and �c� during collapse; S=0.6, PSt=4.1,
infinite Oh−1, with 100 elements in the region 0�� /2.
region eventually vanish and, more specifically, the time to
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pinch-off scales with the 3/2 power of either one of the
above quantities. In the present study we show that this in-
deed is the case with the distance, D, between two approach-
ing dimples lying on opposite jets and the time for bubble
collapse. As can be seen from the close-up on the collapsing
process shown in Fig. 9�c�, the dimples tend to become more
acute as they approach, implying a vanishing radius of cur-
vature as they touch, and the distance between them raised to
the 3/2 scales linearly with the time to collapse, Fig. 10�a�.
This is a result that is supported by mesh refinement, with
the element size in the region around the dimples remaining
much smaller than the minimum distance between them.

In order to corroborate the breakup mechanism that was
outlined above the inviscid case with S=0.62 was recalcu-
lated starting from a point in time for which a well-rounded
jet tip is formed. This is the parameter value for which the
microbubble is formed for the first time in the central region
of the original bubble. The solution vector obtained up to
that time with 100 elements placed along the generating
curve connecting the north pole and the equator, was inter-
polated with 150 elements to produce a more accurate de-
scription of the interfacial shape and velocity. The time step
was adapted according to Eq. �43� and the solution was ad-
vanced in time until a collapse took place. As illustrated by a
close-up on the details of the bubble motion shown in Fig.
11, the basic features of the shape of the interface near the
equator are reproduced by the refined mesh and the dimples
are captured more accurately, Figs. 11�a� and 11�b�; �=1 and
0 represent particles located at the equator and the north
pole, respectively. The evolution of the overall bubble shape
is not very different from that shown in Fig. 9, hence it is not
shown. As time advances the dimples tend to become more
acute in shape and tend to eventually touch following the
scaling law that was discussed in the previous paragraph. As
soon as the dimple is formed, t�1.355 from Fig. 11�b�, the
pressure on the liquid side acquires a minimum, Fig. 11�e�,
which explains the increased curvature in the same area. The
normal velocity, �� /�n� with n� pointing towards the liquid,
in the vicinity of the dimple is negative indicating motion
towards the equatorial plane, Fig. 11�c�.

The persistence of the above pattern was investigated for
varying Oh and initial elongation S and it was seen to indeed
occur until a critical Oh−1, below which the motion of the
two jets is damped strongly enough to prevent them from
getting too close and coalescing to form the smaller satellite
and the larger toroidal bubbles. The lowest value of Oh−1 for
which the above mode of collapse was observed for the case
with S=0.6, was found to be Ohcr�600. The sequence of
bubble shapes as time elapses is shown in Figs. 4�a�–4�c�
from the beginning of the deformation until collapse, for the
case with Oh−1=1000. As expected, the increasing effect of
viscosity decelerates the two jets and causes them to spread,
in comparison with the inviscid simulation, before they be-
come rounded at the tips and eventually touch. If Oh−1 is
further decreased to 400 the bubble eventually returns to its
equilibrium spherosymmetric configuration, Fig. 12. De-
creasing S to 0.55, which amounts to intensifying the initial
elongation, results in two faster and narrower countercurrent

jets. This is a result of the increased initial elongation that
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induces larger velocities in the vicinity of the two poles. The
jets again form rounded ends as they approach each other
until they eventually touch at the two protruding dimples, as

illustrated in Figs. 13�a�–13�c� for the inviscid case. The final
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stages of coalescence of the rounded ends of the two jets are
governed by the scaling rule mentioned above, namely that
the distance between opposite facing dimples, raised to the

FIG. 10. Time evolution of the dis-
tance D, raised to the 3/2 power, be-
tween the dimples that are formed on
countercurrent jets when �B=0 and �a�
S=0.6, Oh−1 infinite, �b� S=0.6, Oh−1

=1000, �c� S=0.55, Oh−1 infinite and
�d� S=0.55, Oh−1=1000; 100 and 130
elements were used in the region 0
�� /2 for the cases with S=0.6
and 0.55, respectively.
3/2 power, scales linearly with the time to pinch-off, Fig.
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10�c�. Again, this behavior persists until a threshold value of
Oh−1�200. The evolution of deformed bubble shapes for the
case with Oh−1=1000 is illustrated in Figs. 14�a�–14�c�, from
initial elongation until collapse. In this case the two counter-
current jets are thinner compared to the situation with S
=0.6 and Oh−1=1000 but thicker than the inviscid situation
with S=0.55, as expected due to the smaller initial elonga-
tion and negligible viscous dissipation, respectively. The re-

FIG. 11. Close-up on the solution vector in the vicinity of the dimple shortly
elements in the region 0�� /2 and �b� shape of the interface, �c� norma
region 0�� /2.
sults with finite Oh were examined with regards to the uni-
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versal scaling law governing the collapsing process and it
was seen that the latter is more or less true for large but finite
values of Oh−1. This is illustrated in Figs. 10�b� and 10�d�,
where the minimum distance between the countercurrent
jets, raised to the 3/2 power, is plotted against time from
pinch-off for the cases with Oh−1=1000 and S=0.6 and 0.55,
respectively. As mentioned above, this pattern ceases to exist
below a threshold value of Oh−1 at which point the bubble

re collapse when S=0.62, �B=0, Oh=0; �a� shape of the interface with 100
city, �d� tangential velocity and �e� liquid pressure with 150 elements in the
befo
l velo
returns to the spherical shape.
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At this point it should be stressed that similar boundary
integral studies on bubble breakup have been carried out by
other investigators as well, in the presence of initial shape
perturbations15 and large initial overpressure,16 but under less
severe initial elongation, hence the more prominent role of
jet formation in the breakup process that was identified in the
present study in comparison with Ref. 16 where jet forma-
tion was also captured. It should also be pointed out that as S
decreases even further the motion at the two poles becomes
so fast that the time step required for capturing the initial
deformation and collapse phases of the bubble motion be-
comes prohibitively small. Consequently, we refrained from
reducing S below 0.55. Nevertheless, we anticipate that with
increasing initial elongation the mode of collapse will
change as different phenomena may emerge. For example,
already for the case with S=0.55 the tendency of the two jets
to pinch-off before they coalesce is evident in Fig. 13�b�
where a distinct neck formation is observed as a result of the
fast speed of approach.

Another interesting aspect of the simulations is the size
of the satellite bubble that is formed after coalescence of the
two jets takes place. It is seen in Fig. 15�b� when Oh−1

=1000 but also from Figs. 9�c� and 13�c� for the inviscid
case, that the size of the satellite bubble decreases with de-
creasing S, evidently as a result of the decreasing thickness
of the two penetrating jets and, consequently, of the decreas-
ing radius of the ensuing rounded ends. As a matter of fact it
was identified as a pattern in the present study that, as long
as the above described collapse mode persisted, deceleration
of the process of jet formation and subsequent reduction of
jet velocity leads to larger sizes of the satellite bubble. In-
deed reduction of Oh−1 leads to larger bubble sizes, see Fig.
15�b�, for the case with S=0.6 and Figs. 14�c� and 13�c� for
the case with S=0.55. In fact, so does increasing the internal
overpressure, �B. In this case the speed by which the elon-
gated bubble retracts to the oblate shape is smaller, owing to
the higher initial bubble overpressure, thus resulting to a

FIG. 12. Bubble shapes for the case with S=0.6, �B=0, Oh−1=400 and 100
elements in the region 0�� /2.
thicker jet and, eventually, a larger satellite bubble. This is
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clearly illustrated in Figs. 16�a�–16�c� that show the evolu-
tion of bubble shapes for inviscid oscillations with S=0.6
and �B=0.05. For such small values of �B the overall pattern
of dynamic behavior does not change with the exception of
OhCr

−1 that now increases as a manifestation of the stabilizing
−1

FIG. 13. Time evolution of the shape of the bubble �a� in the beginning of
the motion, �b� during jet formation, and �c� during collapse; S=0.55, PSt

=4.1, infinite Oh−1, with 130 elements in the region 0�� /2.
influence of initial overpressure; when �B=0.05 OhCr
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�1000. The pattern that was identified in the above, regard-
ing the scaling law relating the minimum distance between
coalescing jets with the time to coalescence, D3/2� t, is re-
covered and holds even for very large yet finite values of

−1

FIG. 14. Time evolution of the shape of the bubble �a� in the beginning of
the motion, �b� during jet formation, and �c� during collapse; S=0.55, PSt

=4.1, Oh−1=1000, with 130 elements in the region 0�� /2.
Oh . Further increase of �B affects the dynamics of bubble
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breakup more drastically enriching the possible collapse
mechanisms.

The effect of asymmetry in the initial elongation was
also investigated, by imposing the types of shapes that are
portrayed in Fig. 1. In this case the regions around the two
poles are moving at a different speed, due to the difference in
radius of curvature, with the one with the smaller radius
moving faster. Once the shape of the bubble becomes
roughly oblate these two regions perform out of phase oscil-
lations until a jet is formed at the north pole, that moves
along the axis of symmetry, penetrates the bubble and hits
the opposite side of its interface forming a satellite and a
larger toroidal bubble. This is illustrated in Figs. 17�a�–17�c�
for the case with k=1.2, Oh−1=800, and the same initial
elongation, �=2/ �0.6�2, as for an ellipsoidal bubble with S
=0.6. In this case the satellite bubble does not occupy the
region at the intersection between the equatorial plane and
the axis of symmetry. Rather, it appears off the equator, as
the two dimples that are formed symmetrically with respect
to the axis of symmetry on the rounded end of the penetrat-
ing jet touch upon the opposite side of the bubble. As the
level of initial asymmetry decreased the bubble was seen to

FIG. 15. Comparison of jet thickness and bubble size with �a� increasing
initial elongation, S=0.6 and 0.55, Oh−1=1000 and �b� increasing viscous
effects, Oh−1=infinite and 600, S=0.6.
collapse closer to the equatorial plane.
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V. CONCLUSIONS

The effect of initial elongation on the dynamic behavior
of a bubble that is suspended in a liquid at atmospheric pres-
sure is investigated. The particular case of an air bubble sus-
pended in water was simulated extensively and it was shown
that beyond a certain range of initial elongations, S0.6, the

FIG. 16. Time evolution of the shape of the bubble �a� in the beginning of
the motion, �b� during jet formation, and �c� during collapse; S=0.6, PSt

=4.1, infinite Oh−1 �B=0.05, with 100 elements in the region 0�� /2.
long time configuration of the bubble is either spherosym-
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metric, Oh−1�OhCr
−1, or collapsed consisting of a small sat-

ellite bubble occupying the region around the center and a
larger toroidal bubble. The collapse mechanism is quite in-
teresting and is characterized by the formation of two coun-
tercurrent jets penetrating the bubble from opposite ends end

FIG. 17. Time evolution of the shape of an asymmetric bubble �a� in the
beginning of the motion, �b� during jet formation, and �c� during collapse;
PSt=4.1, Oh−1=800, k=1.2, �=5.55, �B=0, with 150 elements in the region
0��.
meeting at the equatorial plane. As they approach each other
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their ends become rounded and two dimples appear on each
one of them that are symmetrically located with respect to
the axis of symmetry. The final stages of coalescence of op-
posite facing dimples are governed by the balance between
capillary and inertia forces responsible for the pinch-off pro-
cess of liquid drops and jets. In fact, the 3/2 scaling law
describing the evolution of the minimum distance between
approaching dimples against the time to pinch-off was recov-
ered for the inviscid case and large initial elongations, 0.55
S0.6, and was seen to be roughly valid for large values
of Oh−1. A small amount of initial overpressure was shown to
stabilize the bubble by increasing the value of OhCr

−1. For the
case of a micrometer-size air bubble suspended in water
Oh−1 is not very large and consequently the theory presented
here predicts that the bubble will eventually return to the
spherosymmetric configuration. Nevertheless, as the size of
the bubble increases Oh−1 and PSt both increase and it is seen
that for an initial elongation characterized by S=0.6, a
bubble with equilibrium radius on the order of 5 mm which
amounts to Oh−1�600 and PSt�3500, eventually collapses
in the manner described above. In other words larger bubbles
are more susceptible to collapse. In fact, it was found that
when PSt=3600, S=0.6 and �B=0 the threshold value above
which the bubble collapses is OhCr

−1�300. It should also be
pointed out that the combination of large initial elongations
and substantial internal overpressures may extend the range
over which the dynamic phenomena that were identified in
the present study will manifest themselves. Larger initial
overpressures are also expected to modify the long-term dy-
namics and probably give rise to different breakup mecha-
nisms. This process is very important in the physics of
sonoluminescence and will be investigated separately in a
future article.
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